This paper is concerned with the connection between two classes of population variables: measures of population growth rate-the Malthusian parameter, the net reproduction rate, the gross reproduction rate, and the mean life expectancy; and measures of demographic heterogeneity-population entropy. It is shown that the entropy functions predict the response of the growth rate parameters to perturbations in the age-specific fecundity and mortality schedule. These results are invoked to introduce the notion of environmental intensity. The intensity function, expressed in terms of the entropy parameters, is applied to give a comparative study of the effect of environmental factors on the dynamics of Swedish and French populations,
INTRODUCTION
The population variables studied in demographic theory as developed by Lotka [16] , can be described in terms of two classes: (1) individual variables, namely, age-specific fecundity and mortality; and (2) aggregate variables such as the Malthusian parameter, net reproduction rate, gross reproduction rate, and mean life expectancy. A recurrent issue of both theoretical and practical import in demographic studies concerns the response of the aggregate variables to arbitrary perturbations in the values of the individual parameters. This response clearly depends on the shape of the fecunditymortality function. Thus in order to assess these effects, one needs quantitative measures of the dispersion of the age-specific fecundity-mortality distribution.
A class of functions characterizing these distributions was introduced in earlier work [5, 61 . The generic term entropy was used to describe these functions on account of their connection to certain concepts in thermodynamic theory. In effect, these measures of heterogeneity of the age-specific fecundity-mortality distributions were obtained by showing that the MalthuSian parameter satisfies an extremal principle that is formally identical to the MATHEMATICAL BIOSCIENCES 93:159-180 (1989) OElsevier Science Publishing Co., Inc., 1989 159 655 Avenue of the Americas, New York, NY 10010 0025-5564/89/$03.50 minimization of free energy in statistical mechanics. This variational principle was invoked to derive a precise correspondence between the parameters in demographic models and the concepts in thermodynamic theory. A detailed account of this development is given in [7] and [8] .
This paper is concerned with certain perturbation properties of the demographic parameters. We show that the entropy functions predict both the magnitude and direction of the response of the classical population variables growth rate, reproduction rate, and mean life expectancy to arbitrary perturbations in the individual age-specific parameters. The results we obtain for the four population variables considered can be summarized as follows:
The Malthusian parameter r. This parameter represents the asymptotic growth rate of the population. We show that the response of r to arbitrary perturbations in the net fecundity distribution is given by the entropy of the probability distribution of the age of the reproducing individuals in the stable population.
The net reproduction rate R. This parameter describes the increase in population per generation and represents the average number of offspring for individuals who from birth are subject to a given fecundity and mortality schedule. We show that the relative response of R to arbitrary perturbations in the net fecundity distribution is determined by the entropy of the net fecundity distribution.
The gross reproduction rate FL This describes the average number of offspring born for individuals who throughout the reproductive period give birth to offspring according to the age-specific fecundity schedule. We show that the relative response of E to arbitrary perturbations in age-specific fecundity is determined by the entropy of the age-specific fecundity schedule.
The mean life expectancy eO. This variable measures the average expectation of life at birth. We show that the relative response of e, to arbitrary perturbations in the life table is determined by the entropy of the life table.
These results, which predict the response of the growth rate parameters to perturbations, are important in the study of human populations in assessing:
(a) The effect of mortality changes, such as the elimination of heart disease and cancer, on the mean life expectancy (b) The influence of fertility changes, such as the introduction of new contraceptive measures, on gross fecundity (c) The response of population growth rate due to the influx of new migrants Indeed, one item in this set of problems has been investigated by Keyfitz [14] in an application of the entropy of the survivorship curve. Keyfitz showed that the response of the mean life expectancy to uniform changes in the shape of the survivorship curve was determined by the entropy of the survivorship curve and used this fact to give an empirical study of the effect of the elimination of cancer on mean life expectancy.
These perturbation results can be invoked to introduce the notion of environmental intensity. Factors such as epidemics, famines, improved nutrition, and health care induce changes in the age-specific fertility and mortality schedules and consequently changes in the growth rate parameters. The intensity of these environmental factors can be expressed, using the perturbation results, in terms of the entropy functions and the change in the growth rate parameters. This measure of environmental intensity is important in studying the dynamics of evolutionary change in populations subject to different environmental forces. This paper applies this notion of environmental intensity to give a comparative study of the dynamics of Swedish and French populations.
This paper is organized as follows: Section 1 describes the individual variables that appear in demographic theory and the aggregate variables, which are functions of the individual parameters. We distinguish explicitly between the classical population parameters-growth rate and net reproduction rate-which are integral to the Lotka theory and the new class of population parameters called entropy, derived from the demographic models introduced in [5] and [6] . In Section 2, we study the response of the classical population variables to arbitrary perturbations in the age-specific fecundity and mortality schedule and show that this response is completely determined by the entropy functions. In Section 3 we introduce the notion of environmental intensity and use the perturbation results to define this quantity. A comparative study of the environmental effects on evolutionary change in Sweden and France is given in Section 4.
THE POPULATION PARAMETERS

THE INDIVIDUAL PARAMETERS
The age composition of a population that neither gains nor loses by migration and lives in a stable environment is determined by the individual parameters-age-specific fecundity m(x) and age-specific mortality p(x). The dynamics of the age distribution a(~, t) are given by
The boundary conditions are
where f(a) denotes the initial age distribution.
The age-specific survivorship I(X) is given by LLOYD DEMETRIUS
(1.4)
THE AGGREGATE PARAMETERS
The aggregate parameters are functions of age-specific fecundity and the mortality schedule. We will distinguish between two classes of aggregate parameters. The first class consists of the growth rate and the net reproduction rate, which are derived from the Lotka theory [16] , which is based on the dynamics of the age distribution.
The second class consists of the entropy functions, which are derived from the dynamics of the distribution of genealogies [5, 81.
Growth and Reproduction Rate Parameters.
The models which form the basis of the Malthusian parameters revolve around the notion of a stable age distribution.
This notion describes the state of the population when the relative proportion of individuals in each age class is constant.
The Malthusian parameter r is the rate of increase of the population at the stable age distribution. This parameter r can be shown, using the dynamical system described by (l.l), to be the unique real root of the equation
The net reproduction rate R, which is the rate of growth of population numbers per generation, is given by the expression
This number is precisely the area under the net maternity function V(x) = I( x)m( x) and represents the number of offspring who from birth are subject to the fecundity schedule m(x) and survivorship schedule I(x). The expressions for the gross reproduction rate and mean life expectancy can be derived from R.
The gross reproduction rate is the average number of offspring born to individuals who pass through the entire childbearing span giving birth to offspring according to the schedule m(x). This number i?i is given by
The quantity Z can be considered the rate of increase per generation of a population with fecundity schedule m(x) and a mortality schedule given by f(x) =l.
The mean life expectancy e, is the average expectation of life at birth. This quantity is given by
The number e, can be considered the rate of increase per generation of a population with mortality schedule I(x) and a fecundity schedule m(x) = 1.
The Entropy Parameters.
The models that constitute the basis of the entropy parameters revolve around the notion of a genealogy [7, 81 . A genealogy describes the set of descendants and ancestors of a given individual, these ancestors and descendants being indexed by the age at which they produce offspring.
The equilibrium distribution of the genealogies is given by a probability measure whose marginal distribution expressed in terms of the age of reproducing individuals in the stable population is given by
p(x) =exp(-rx)I(x)m(x)
Here r is the Malthusian parameter defined by (1.5).
The asymptotic rate of increase per unit time of the number of typical genealogies is given by the quantity
This number is the ratio of the entropy of the probability distribution p(x) and the mean age of childbearing in the stable population. This mean age, denoted by T, is called the generation time. The quantity H is bounded if T is finite; we have (see the appendix)
The rate of increase per generation of the number of typical genealogies is the quantity HR given by (1.10)
Expression (1.10) is the entropy of the net fecundity distribution q(x). The quantity HR is bounded provided a=/omxq(x) dx is finite. We have (see appendix) HR <l+loga
The expressions for the entropy of the fecundity distribution and the life table can be derived from HR. The entropy of the fecundity distribution H,,, is given by
where FI is given by (1.7). This quantity describes the dispersion of the fecundity distribution and can be considered to measure the entropy of the net fecundity distribution for a population with a fecundity distribution m(x) and a life table I(x) =l.
Tne entropy of the life table is given by
where e, is given by (1.8). This expression measures the heterogeneity in the age-specific survivorship curve. The quantity H, can be considered as describing the entropy of the net fecundity distribution for a population with a fecundity distribution m(x) = 1 and a life table I(x).
PERTURBATfON THEORY
The parameters that emerge from the dynamics of the age distribution determine population numbers. The parameters that emerge from the dynamics of the genealogies determine the rates at which population numbers fluctuate when deviations from the stable age distribution occur [6] .
We will show in this section that the entropy functions measure the effect of fluctuations in another sense: The entropy functions determine the response of the population parameters to arbitrary perturbations in the shape of the fecundity and mortality distributions.
PERTURBATIONS OF THE FECUNDITY-MORTALITY PATTERNS
We will consider continuous perturbations of the net fecundity distribution. We denote by u and b the lower and upper limits, respectively, of the age of reproduction, and we consider a continuous function g(x), where _ E<g(x) <e fora<xgb
We consider perturbations in V(x) given by the function
The change 6V(x) in the net reproductive function is
Hence, we have
Expression (2.2) describes the change in the net maternity function due to perturbations given by (2.1). Throughout the analysis in Section 2, we assume that the following condition holds:
Condition A implies that V(x) # 1 and hence that log V( x) does not change sign in the interval a Q x < b. Condition A is fulfilled by most human populations.
Expressions similar to (2.2) exist if the continuous perturbations in V(x) are restricted to the fecundity and mortality distributions, respectively. The changes &r(x) and 61(x) due to continuous perturbations in the fecundity and mortality distributions, respectively, are given by
Here g,,,(x) and g,(x) are the analogues of g (x) .
We now analyze the effect of perturbations of type (2.2)-(2.4) on the different aggregate parameters. Our analysis exploits the methods of functional differentiation.
An excellent introduction to these methods suitable for demographers is developed in Arthur [l] . Arthur was concerned with the response of the Malthusian parameter to changes in the shape of the fecundity-mortality distribution and derived closed-form expressions for the changes in this growth rate parameter. These results extended the work of earlier researchers [4, 12, 131 . The analysis in this paper applies the method of functional differentiation to obtain analogous closed-form expressions for the growth rate parameters. We then consider perturbations of the form described by (2.2)-(2.4) and, by invoking the mean value theorem for integrals, show that the responses of the growth rate parameters are completely determined by the entropy functions originally derived from the study of the model based on the genealogies.
THE MALTHUSIAN PARAMETER AND ENTROPY
The Malthusian parameter is the unique real root r of the equation
We have from (2.6)
where T = l,"xp( x) dx is the mean generation time and
The closed-form expression (2.7) was originally derived in [l] . The connection between the Malthusian parameter and entropy is derived by analyzing (2.7) using the continuous perturbations given by (2.2). We note from (2.2) and (2.7) that Since p(x) > 0, we conclude from condition A that p( x)log V(x) does not change sign in the interval a < x < b. We can now apply the mean value theorem to the right-hand side of (2.11). We conclude that there exists a number 7, a Q 17 < b, such that where (2.13) (2.14) Write Now consider the expression for Sr given by (2.13) and let r* denote the perturbed Malthusian parameter and Ar = r* -r. Using (2.13) and (2.14) and expanding F(n) in terms of 6, we obtain
This expression is called the reproductive potential. We have from (1.9) that the following identity holds; By applying the mean value theorem as in (2.13), we observe that there exists an n, a Q q G b, such that where F(x) is given by (2.12). Write g(n) = 6 and let AR = R* -R, where R* denotes the new value of R that results from the perturbation. By a repeat of the argument given in Expression (2.25) asserts that the relative change in the net reproduction rate due to arbitrary perturbations in the net maternity function is determined by the entropy of the net maternity distribution. Expression (2.25) can be written
AR -=--_R8=(logR-HR)8 R (2.26)
These expressions are analogous to expression (2.18), which is valid for the Malthusian parameter.
GROSS REPRODUCTION RATE AND ENTROPY
The gross reproduction rate Zi given by (1.7) satisfies the identity logKz=H,-a,,, 27) where H,,, is the entropy give by (1.11) and Q,,, is the expression
The argument given in Section 2.3 can be repeated with the new perturbed function given by (2.3). We obtain a result analogous to (2.29, namely,
This result asserts that the relative change in the gross reproduction rate due to arbitrary perturbations in the net fecundity distribution is determined by the entropy of the fecundity distribution.
Hence for 6 small, we have Aiii -=-@,S=(logz+H,)S m (2.29) 2.5.
MEAN LIFE EXPECTANCY AND ENTROPY
The mean life expectancy e,,, given by (1.Q satisfies the identity loge,=H,-iP, (2.30) where H, is the entropy given by (1.12) and @, is the expression
The perturbation of the survivorship distribution is given by (2.4). An argument similar to that in Section 2.3 yields Relation (2.32) states that the relative change in the mean life expectancy due to arbitrary perturbations in the survivorship curve is determined by the entropy of the survivorship curve.
THE FORCES OF EVOLUTIONARY CHANGE
The evolutionary changes in the demographic parameters in large human populations are due to two main forces: natural selection and environmental action. Natural selection occurs if there are differences in the age-specific fecundity and mortality of the types constituting the populations. The changes in growth rates due to selective forces are determined by the amount of genetic variation for fertility and mortality that exists within the populations. The dynamics of these changes in age-structured populations have been extensively studied; see Charlesworth [2] .
The term environmental action refers to the changes in growth rate due to environmental factors such as famines, epidemics, wars, improved health care, and nutrition. The changes in growth rate due to environmental action are conditioned by the demographic heterogeneity within the population. The perturbation results we have derived describe the effect of these forces on the different growth rate parameters.
THE INTENSITY OF SELECTION AND ENVIRONMENTAL ACTION
Crow [3] introduced a notion called the "intensity of selection" to characterize the force that determines evolutionary change under natural selection in populations with nonoverlapping generations. This intensity measure can be separated into mortality and fertility components and thus provides a means of relating the effect of genetic differences in mortality and fertility in determining the evolutionary change in growth rate for demographically homogeneous populations.
We propose an analogue of the notion of selective intensity for heterogeneous populations whose dynamics are determined by the action of environmental factors. The dynamics of the change in the growth rate parameters due to environmental action are given by (2.18), (2.26) (2.29), and (2.32). These equations predict the changes in the growth rate parameters that result from an environmental perturbation whose mean effect is given by 6. We therefore define the environmental intensity 6 by the equation 8=-(l/Q)Ar (3.1)
The intensity 6 can be separated into mortality and fertility components. The intensity of the environmental factor as component is given by measured by the mortality
Here e, is the mean life expectancy. The function @,, we recall, is related to the entropy H, of the survivorship curve by the identity Q, = H, -loge, The intensity of the environmental factor as measured by the fertility component is given by (3.3) where i+i is the gross reproduction rate. The function @, is related to the entropy H,,, of the fertility distribution by
We will use these measures of environmental intensity to make a comparative study of Swedish and French populations during the period 1928-1965. We should note that a set of criteria based on the demographic parameters r and H have been derived to determine, from local trends in the demographic variables, the nature of the evolutionary force, selection or environmental action, acting on the population [lo] . These criteria suggest that the dominant factors determining evolutionary change in France and Sweden during the period 1928-1965 is environmental action. We will not discuss these criteria in this article. Other considerations, such as the large variations in demographic variables, suggest an environmental cause. We will therefore simply assume for illustrative purposes that the dominant mechanism during this episode is due to environmental forces and use (3.1)-(3.3) to evaluate the intensity of these forces and compare the evolutionary trends in the two populations.
DEMOGRAPHIC TRENDS IN FRENCH AND SWEDISH POPULATIONS
The data for the Swedish and French populations are based on the age-specific fecundity and mortality schedule given in Keyfitz and Flieger [15] . Tables 1 and 2 give the values for the parameters r, H, Q', e,, ii?, H,, H,,,, @,,Q, for the period 1928-1968 based on these data. These tables are adapted from [9] .
The data in Keyfitz and Flieger are given in five-year intervals. The population parameters have been interpolated to refer to one-year intervals. The data refer only to the female populations. Thus, e, is the mean life expectancy of females and Zr is the mean number of female offspring produced by each mother during her lifetime.
TRENDS IN THE ENTROPY PARAMETERS
Several general observations can be made concerning the data in Tables 1  and 2 . The appendix gives bounds on the parameters. These bounds indicate the range of values these parameters may assume.
The parameter a, measures the proportional rate at which the mean life expectancy e, changes as a result of the environmental factor. The data for both France and Sweden show a strong correlation between e, and Q,. The parameter e, increases continuously whereas @, decreases. The decrease in Qp, expresses the fact that the survivorship curve tends toward a more rectangular form. The rectangular form corresponds to the case where the mean life expectancy and the maximum life expectancy coincide. In this instance 0, assumes the value zero.
Related expressions for Cp, and an analysis of the range of values that a, may assume are discussed in Goldman and Lord [ll] and Mitra [17] . (2) a,
The parameter Q,,, measures the proportional rate at which the gross fertility Ei changes as a result of the environmental factors. The irregular temporal trends in iii and Q,, in contrast to the monotonic changes in e, and Q1, indicate that the environmental forces that condition fertility vary irregularly with time. Changes in fertility are dependent primarily on social custom and norms, which vary considerably over time. Mortality changes, on the other hand, are determined primarily by medical care and nutrition. The monotonic trends in e,, and a, indicate that these environmental agents exert a constant and uniform effect on the age-specific mortality.
The parameter H, is a measure of the variance of the mortality distribution. The irregular trend in H, in both countries indicates that the external factors such as better health care and nutrition, which cause the increase in mean life expectancy, do not act uniformly over all age classes. The changes in mean life expectancy arise quite probably from the elimination of infectious diseases that affect younger people and also from a reduction in cardiovascular diseases, which normally affect older cohorts. (4) The parameter H, is a measure of the variance of the fertility distribution.
The steady monotonic decrease in H, in both populations corresponds to the increased concentration of childbearing into a short period of years. Childbearing that is concentrated at a single age will correspond to an entropy value of zero. Tables 3 and 4 give the changes in r, e,, and Z together with the measure of environmental intensity 6, S,, 8, for Sweden and France. The following features of the data need emphasis.
TRENDS IN ENVIRONMENTAL INTENSITY
(1) 6=-Ar/Q The intensity 6 is a measure of the force of the environmental factors in terms of their effect on demographic change in r. The data indicates an irregular change in this intensity for both Sweden and France. The intensity in Sweden at each period exceeds that in France. This implies that the environmental agents such as improved health care and nutrition exert a stronger effect in Sweden than in France. It is of interest to note that the intensity for Sweden assumes its maximum value in (1938) (1939) (1940) (1941) (1942) (1943) and for France in (1934) (1935) (1936) (1937) (1938) (1939) (1940) (1941) (1942) (1943) (1944) (1945) . These periods correspond to the war years, which would evidently exert a strong effect on both mortality and fertility.
(2) Mortality 8, contributes a greater fraction to the total intensity than fertility a,,,. This is true in both countries except for the year 1943 in Sweden and 1945 in France. The large postwar increase in fertility in France corresponds possibly to the increased desire to have children to compensate for the large mortality incurred during the war.
The generally large contribution of mortality to the total intensity suggests that factors such as health care and nutrition, which control mortality, exert a stronger effect on the population than factors such as birth control that determine fertility. The monotonic changes in e, and Cp, for both countries support the idea of the preponderance of the mortality component in determining evolutionary change.
CONCLUSION
A class of entropy functions was introduced in demographic theory by considering demographic models in which we focused on the set of genealogies generated by the individuals in the population. It has been shown that these entropy functions characterize the response of the classical demographic parameters-growth rate, net reproduction rate, mean life expectancy, and gross reproduction rate-to fluctuations in the age-specific fecundity and mortality distributions. These relations have been applied to provide quantitative measures of the intensity of environmental factors in terms of the changes in the demographic variables. These intensity measures provide a means of assessing the impact of environmental factors on evolutionary change.
APPENDIX. BOUNDS ON ENTROPY
We prove the following two results: The proofs of (A.l) and (A.2) follow from the following well-known proposition. We conclude that -jnmf(x)logf(x) dx< -/o"f(x)logg(x)dx Proof of (A.l).
To infer (Al) from Proposition 1, we consider the distribution g(x) =+eXp( -$.)
For any probability distribution p(x), we are given that T is finite, and 
